We consider the behavior of optical bistability (OB) and multistability (OM) in a four-level atomic system involving a Rydberg state illuminated by a probe field as well as control and switching laser beams of larger intensity. When the switching field is absent, no OB arises because of the effect of Rydberg electromagnetically induced transparency. However, by application of the switching field, the hysteresis cycle appears to give rise to optical bistability, thanks to Rydberg electromagnetically induced absorption. It is further demonstrated that one can efficiently modify the OB threshold via suitable choices of system-controlling parameters. Interestingly, it is observed that this model can produce an optical switching between OB and OM with potential applications in logic-gate devices for optical communication.
INTRODUCTION
It is well known that light can be slowed down by several orders of magnitude using the technique of electromagnetically induced transparency (EIT) [1] . EIT can be employed to induce transparency for an opaque and resonant medium using quantum interference between the different optical pathways. In this situation, a weak probe beam of light travels slowly in a resonant medium controlled by another laser beam without any significant absorption [1] [2] [3] [4] [5] [6] [7] [8] . Because of changing absorption and dispersion characteristics of an atomic medium [9] [10] [11] [12] [13] [14] [15] [16] , EIT can result in several interesting phenomena in nonlinear optics, such as multiwave mixing [17] [18] [19] [20] , an enhanced Kerr nonlinearity [21] [22] [23] [24] [25] [26] [27] [28] , stable optical solitons [29] [30] [31] [32] [33] [34] , and optical bistability [35] [36] [37] [38] [39] [40] [41] [42] [43] . The optical bistability (OB) has been investigated both theoretically and experimentally in various multilevel EIT schemes due to its applications in all-optical transistors, switches, logical gates, and quantum memory [44] . For instance, Yuan et al. have theoretically investigated the effect of bright and dark states on vacuum Rabi splitting (VRS) and optical bistability of the multiwave-mixing process in a collective four-level atomiccavity coupling system [42] . It was demonstrated that VRS and self-Kerr nonlinearity OB can coexist and compete with each other in a cascade relationship. As a result, one can control VRS and OB simultaneously through the dark state in the atomic system. The relationship between OB and VRS as well as the coherence-induced bright state in a cavity-atom composite system has been also investigated very recently [43] .
Also, several interesting ideas for OB have been also reported in semiconductor quantum well (QW) structures [45] [46] [47] [48] . For instance, Li has investigated theoretically the optical bistability behavior based on intersubband transitions in asymmetric double QWs [45] . Coherent control of OB has also been studied in a triple semiconductor quantum well structure with tunnelinginduced interference [46] . Tunneling-induced optical bistability in an asymmetric double quantum well has been reported very recently by Li et al. [48] . Apart from solid-state quantum well nanostructures, EIT has been observed for rare-earthdoped crystals, such as Pr 3 :Y 2 SiO 5 [49] . Efficient EIT in such solid crystals opens potential applications, such as light storage [50] , large refractive index without absorption [51] , and coherent control of OB [52] . The generation of twin beams by the parametric amplification four-wave-mixing process and triplet beams by the parametric amplification six-wave-mixing (PA SWM) process associated with the multiorder fluorescence signals in a Pr 3 :Y 2 SiO 5 crystal has been also reported [53] . Using Rydberg atoms, one can apply EIT for nonlinear quantum optics. Because of their extreme polarizability and long-range interactions, Rydberg atoms with highly excited principal quantum numbers [54, 55] provide appealing applications in precision electrometry [56] and quantum information [57] . Since the van der Waals interaction between the atoms is enhanced with the principal quantum number, the interaction between the Rydberg atoms is much larger than the interaction between atoms in their ground states [58] [59] [60] . Due to the formation of Rydberg dark states in three-level ladder-type atomlight coupling schemes including a Rydberg state, a narrow peak appears in the susceptibility, giving rise to the Rydberg EIT [61] [62] [63] . Such a transparency in the medium enables modifications on the refractive index and nonlinear phase shift due to the interactions between particles in the nonlinear processes associated with EIT. Based on this feature, the enhancement and suppression of Rydberg-dressed multiwave-mixing processes with the assistance of EIT windows in a hot Rb atomic system have been investigated both theoretically and experimentally by Zhang et al. [64] .
As one of its applications, specifically in optical switching, Rydberg electromagnetically induced absorption (Rydberg EIA) can take place instead of the Rydberg EIT by means of coupling of atomic states to other states. An example is the microwave coupling of Rydberg states for which the EIT window is split into a doublet EIT [63] .
An interesting issue is to investigate the optical bistability in atomic systems involving a Rydberg state. In doing so, we make use of a four-level atom-light coupling scheme, as shown in Fig. 1 , for which EIT/EIA and slow/fast light features have been very recently reported [65] [66] [67] .
We consider an optical feedback scenario in which the proposed four-level atomic medium with a Rydberg state is placed in a unidirectional ring cavity. Then the dependence of the OB on different system parameters can be explored by plotting the input-output field intensity profile. We show how the OB behavior can be manipulated by means of intensity and detuning of control and switching fields. It is also found that the OB can be converted to the OM via the effect of switching field detuning. Our work may provide significant improvement to the existing studies [35] [36] [37] [38] [39] [40] [41] [42] [43] because, to the best of our knowledge, no similar analysis has been done on OB and OB behaviors of atomic ensembles involving a Rydberg state.
SYSTEM AND BASIC EQUATIONS
In this section, we shall derive general equations for the propagation of the probe beam in an ensemble of four-level atoms comprising a Rydberg state, as shown in Fig. 1(a) . In this configuration, a ground level jgi is coupled to an intermediate level jei through a probe field with Rabi frequency Ω p , and a strong control field Ω c is employed to mediate the transition jei↔jri, forming a ladder-type atom-light coupling scheme. The ground level is simultaneously coupled to a level jsi through a switching field Ω s . Such a scheme can be experimentally implemented using ultracold rubidium atoms in which the level jgi is the 5S 1∕2 ground state, the levels jei and jsi correspond to 5P 3∕2 and 5P 1∕2 excited states, respectively, while the level jri is the 44D 5∕2 Rydberg state. The decay rates of these states are Γ g 0, Γ e ∕2π 6.1 MHz, Γ s ∕2π 5.9 MHz, and Γ r ∕2π 0.3 MHz.
The total Hamiltonian characterizing the atom-field coupling for the system shown in Fig. 1 is given by ℏ 1
where Δ p ω p − ω eg , Δ c ω c − ω re , and Δ s ω s − ω sg are the corresponding detuning parameters. Using the susceptibility of the system, one can study the response of the atomic medium due to its interaction with the applied laser fields. In the present situation, the susceptibility is given by
where μ eg denotes a dipole matrix element, N is the number density of atoms, and ρ eg is the density matrix element for the probe transition. Density matrix formalism is employed in order to investigate the evolution of the system under consideration 
where Γ s ; Γ e , and Γ r are the decay rates between states jsi; jei, and jri respectively. The decay rate of ground state jgi is considered to be very large compared to other time scales and hence has not been included. According to Eq. (2), we shall find the density matrix element ρ eg in order to trace the atomic response of the system to external fields. Assuming that the atom is initially in its ground level, the steady-state solution for the probe transition reads as
where
COHERENT CONTROL OF OPTICAL BISTABILITY
To describe the OB behaviors, the atomic medium of length L is placed in a unidirectional ring cavity, as illustrated in Fig. 1(b) . The mirrors 3 and 4 are assumed to be perfect reflectors, whereas the reflection and transmission coefficients of mirrors 1 and 2 are given by R and T , respectively, with R T 1.
In the steady-state limit, for a perfectly tuned cavity the boundary conditions between the incident field E 
The second term on the right-hand side of Eq. (5b) represents the feedback mechanism stemming from the reflection from the mirrors, which is essential for bistability. By setting R 0 in Eq. (5b), no bistability is expected. According to the mean-field limit and using the boundary conditions, the steady-state behavior of the transmitted field reads as
are the normalized input and output fields, respectively. The parameter C N ω p Ljμ eg j 2 ∕2ℏε 0 cT is the cooperatively parameter for atoms in the ring cavity.
We have studied the steady-state behavior of the output field intensity versus the input field intensity for various system parameters. For the resonance condition Δ c Δ s Δ p 0 and Ω c 3Γ e , the influence of the switching field Ω s on the behavior of OB is displayed in Fig. 2 . It is obvious that no OB can be realized without the switching field (i.e., for Ω s 0). Increasing the intensity of the switching field Ω s , the hysteresis cycle appears to give rise to the optical bistability. With a subsequent growth of Ω s , the hysteresis cycle becomes larger continually; however, the OB threshold increases only for the range Ω s < Ω c . For Ω s Ω c , the OB threshold acquires its maximal value. When Ω s is further increased (Ω s > Ω c ), the threshold intensity starts to reduce again. As a result, it is possible to manipulate the OB behaviors through adjusting the switching field intensity.
Let us now elucidate such behavior of the optical bistability. Equation (4) of the previous section provides the dependence of probe susceptibility on different controlling parameters of the system. It is well known that the imaginary part of the probe susceptibility is directly related to the probe absorption of the system. The absorption spectrum of the probe laser field is shown in Fig. 3 for the same parametric condition as used in Fig. 2 . Note that all the curves are plotted here in units of N μ eg ε 0 E . When the switching field is absent (Ω s 0), a transparency window appears on resonance, leading to a perfect transmission of the probe laser field [see the solid line in Fig. 3(a) ]. This represents the Rydberg EIT in the three-level ladder-type atom-light coupling configuration for which OB does not appear. However, when Ω s induces the transition jsi↔jgi, the Rydberg EIA becomes the dominant mechanism. Working in the Rabi frequency range Ω s < Ω c , four peaks take place in the absorption profile of the system. Simultaneously, the transmission reduces at the line center, as one can see in the dotted and dashed lines in Fig. 3(a) . Once the control and switching fields satisfy Ω s Ω c , the two central absorption peaks join at the line center such that a large absorption occurs, making the medium completely opaque for the probe field tunned to resonance [ Fig. 3(b) ]. In this case, the OB threshold intensity has its maximum value. Thus, for Ω s ≤ Ω c , there is a significant increase in the OB threshold in which the cavity field can harder achieve saturation. The probe absorption starts to decrease again for the Rabi frequency range Ω s > Ω c [ Fig. 3(c) ], resulting in an enhancement of nonlinearity of the system, which can make the OB threshold reduce significantly. The above discussion also implies that our model can generate an optical switching process between Rydberg EIT and Rydberg EIA in which a transparent medium can be converted to an absorptive one via turning on and off of the switching field Ω s . With the same procedure, we set now Ω s 3Γ e and explore the OB range with changing Ω c . Figure 4 shows the output versus input probe field in a resonance condition and for different values of Ω c . One can see that an increase in Ω c leads to a similar effect on the OB behavior as Ω s . However, here the system can exhibit the features of OB in the absence of control field (Ω c 0). This is different from the situation Ω s 0, where no OB was realized due to the effect of Rydberg EIT (see Fig. 2 ). The reason is that when Ω c 0, the atomic system reduces to a three-level V-type atom-light configuration for which a small nonzero absorption is expected (see Fig. 5 ), resulting in the hysteresis cycle effect.
Plotting the scaled feedback output field versus the scaled input probe field in Fig. 6 demonstrates that OB can be switched to OM or vice versa by manipulating the switching field detuning Δ s . It should be pointed out that unlike the OB, the output intensity has now more than two stable states at a given input, which makes the OM suitable for building multistable switching or coding elements. In order to find out how the bistable threshold intensity varies with the control field detuning Δ c , we have plotted in Fig. 7 the input-output field curves for different values of Δ c . One can see that the threshold and the hysteresis cycle shape are sensitive to the frequency detuning of the control field. To be more specific, increasing Δ c leads to the reduction of OB threshold through modifying the absorption and nonlinearity of the atomic medium.
Next we explore the effect of the cooperation parameter C N ω p Ljμ eg j 2 ∕2ℏε 0 cT on the bistable behavior of the system. It is clear that the cooperation parameter C is directly proportional to the atomic number density. As shown in Fig. 8 , OB tends to disappear for the small values of C when the atomic number density in the sample is small. Figure 8 also implies that the larger the C, the larger the OB threshold, and hence, the stronger the absorption of the probe field in the medium.
Last, we have considered the propagation of a probe pulse in a realistic system where the incident wave has a Gaussian profile, and its propagation is controlled by another coupling field of larger intensity, together with the switching field. The propagation dynamics of the probe pulse through the medium and along the z direction are described by the Maxwell wave equation, which can be expressed as in the slowly varying envelope approximation
where k N ω p jμ eg j 2 4cℏε 0 characterizes the strength light coupling with the atomic medium. Going to the retarded coordinates ξ z and τ z − t∕c, we shall consider the propagation of a Gaussian-shaped probe pulse of the form
where Ω 0 p is a real-valued constant describing the peak value of the Rabi frequency before the probe pulse enters the medium, τ 0 gives the peaks location, and σ denotes the temporal width of the input pulse. Figure 9 demonstrates the propagation of a Gaussian pulse through the four-level atom-light coupling setup involving a Rydberg-state excitation. As illustrated in Fig. 9(a) , without the switching field (Ω s 0), the probe pulse does not experience the losses because of the Rydberg EIT. Turning on the switching field Ω s , the system transforms from the Rydberg EIT to the Rydberg EIA. Setting Ω s Ω c , the weak probe pulse propagates with the maximum losses inside the medium, as can be seen in Fig. 9(b) . Thus, the medium acts as an absorptive optical switch in which the absorption of the probe pulse can be turned on and off by manipulating the coupling field Ω s . This allows one to control the optical bistability, as shown in Fig. 2 . 
CONCLUSIONS
We have considered the optical bistability and multistability behaviors in a four-level atomic medium involving a Rydberg state immersed in a unidirectional ring cavity. The effects of the system parameters on the input-output properties of the probe field are explored. It is found that OB does not appear when the switching field is not introduced on the transition jsi↔jgi. We have attributed this to the Rydberg transparency of the resonant medium when Ω s 0. However, Rydberg EIA becomes dominant once the switching field is turned on. We have shown that OB appears in the atomic scheme thanks to the Rydberg EIA. The OB threshold can be controlled using both control and switching field intensities. The possibility of switching between OB and OM has also been investigated. Fig. 9 . Plots of probe field intensity in the medium against retarded time and distance for σ 70∕Γ e , τ 0 180∕Γ e , and (a) Ω s 0, (b) Ω s 3Γ e . Here, Δ p 0 and the other parameters are the same as in Fig. 3 .
